We analyse in detail the effect of non-trivial band topology on the area law behaviour of the entanglement entropy in Kitaev's honeycomb model. By mapping the translationally invariant 2D spin model into 1D fermionic subsystems, we identify those subsystems responsible for universal entanglement contributions in the gapped phases and those responsible for critical entanglement scaling in the gapless phases. For the gapped phases we analytically show how the topological edge states contribute to the entanglement entropy and provide a universal lower bound for it. For the gapless semi-metallic phases and topological phase transitions the identification of the critical subsystems shows that they fall always into the Ising or the XY universality classes. As our study concerns the fermionic degrees of freedom in the honeycomb model, qualitatively similar results are expected to apply also to generic topological insulators and superconductors.
I. INTRODUCTION
Fundamental characteristics of quantum many-body systems at zero temperature are manifested in their entanglement properties. A common measure of quantum correlations between two complementary regions of a system is the entanglement entropy. While it in general obeys an area law, and is hence widely considered non-universal, 1 it can also successfully capture some universal features of quantum states. The most famous ones include central charges describing entanglement scaling in critical 1D states 2, 3 and subleading corrections, such as topological entanglement entropy, in gapped long-range entangled topologically ordered states with anyonic excitations [4] [5] [6] . Progress has also been made in understanding corner entanglement that may characterize critical states in higher dimensions. 7 Due to recent experimental progress, short-range entangled gapped topological phases, more commonly known as topological insulators and topological superconductors, have been the subject of much interest. 8 Depending on the symmetries of the state, their band structures are characterised by non-trivial topological indices, 9 whose physical manifestation is the appearance of protected gapless states at the physical boundary of the system. These are intimately related to the entanglement in such states. 10, 11 When the system without a boundary is partitioned into two halves, topologically protected virtual edge states localized on the partition boundary appear also in the single-particle entanglement spectrum 12, 13 . These describe the short-range entanglement across the boundary and provide the dominant area law contributions to the entanglement entropy. 1 As such edge states cannot be adiabatically removed, 14, 15 their correlations impose a lower bound to the entropy 12, 16 . The area law part of entanglement entropy can thus also contain universal features that can serve as an entropic criterion of short-range entangled topological phases in both free and interacting fermionic models. 17 In this work we revisit in detail these entropic properties in the context of Kitaev's honeycomb model. 18 As an exactly solvable model for a spin liquid -a topological state of spins with anyonic excitations -it has been subject of numerous studies. Recently, it has gained direct experimental relevance due to the confirmation 19, 20 that certain magnetic materials may host such states. 21, 22 With these developments in mind, we focus on the exactly solvable original model that hosts a rich phase diagram containing both gapless semi-metallic states as well as gapped phase characterized by various Chern numbers. [23] [24] [25] [26] While the original spin model is long-range entangled, as required for anyons to emerge, it has the curious property that the topological entanglement entropy takes the same value in all topological phases. 18 It does not depend on the emergent fermionic degrees of freedom and contains no information about a particular topological phase of the model. 27 Here we focus on these short-range entangled degrees of freedom to identify the universal entropic properties that characterize the different phases of the honeycomb model. We explicitly study how these correlations, originating from the topological structure of the fermionic bands, manifest themselves in the area law behavior. Thus while we focus on a particular model that in principle has long-range entanglement, qualitatively similar results should apply also to generic short-range entangled topological insulators and superconductors.
To analyze the anatomy of the fermionic entanglement, we place the model on a torus and study the correlations across a cylindrical partition. Translational invariance along the partition allows us to apply a partial Fourier transformation that reduces the 2D problem to a set of 1D models. We identify the effective 1D models that in the gapped phases encode the topological nature of the 2D state and give rise to the universal entropy lower bound, and in the gapless phases give rise to critical entropy scaling. By analyzing this scaling and the corresponding 1D models, we show that the gapless phases and topological phase transitions of the full 2D model are all in the universality classes of 1D Ising or XY models. Furthermore, we show that also gapless states follow the area law that in general comprises of critical, quasi-critical and edge state contributions.
The paper is structured as follows. We start by review-ing entanglement in translationally invariant fermion system in Section II. Section III introduces our case study -Kitaev's honeycomb model -and reviews its phase diagram. In Section IV we study the entanglement in its gapped phases characterized by different Chern numbers. We solve analytically for the edge states and show quantitatively how they dominate the entanglement entropy and give rise to a lower bound. In Section V we focus on both gapless phases and critical points between gapped topological phases. We identify the dominant contributions from critical and quasi-critical 1D subsystems and identify the universality classes of the transitions.
In Appendix A we present in detail the form of the entanglement entropy in terms of the correlation matrix and the derivation of the entropic lower bound. In Appendix B we review in detail Kitaev's honeycomb model, its analytic solution and the decomposition in terms if 1D wires. Details of the derivation of the edge-mode dispersion using the generating function method are presented in Appendix C.
II. ENTANGLEMENT IN FREE FERMION SYSTEMS
We analyze the fermionic entanglement in Kitaev's exactly solvable model for a 2D spin liquid by mapping it to free Majorana fermions. 18 Thus qualitatively similar analysis applies also to generic topological insulators and superconductors. We begin by reviewing the key concepts in order to study entanglement properties in such systems.
Any system of non-interacting fermions f i can be written in the basis of Majorana fermions by writing f i = (γ 2i−1 + iγ 2i )/ √ 2, i.e. by introducing two Majorana sites for each physical site, where the Majorana fermion operators satisfy the reality condition γ i † = γ i and the anticommutation relation {γ i , γ j } = 2δ i,j . The most general Hamiltonian takes then the form
where Λ denotes the lattice for the Majorana fermions. The skew-symmetric and real matrix H i,j encodes all the information about the tunneling and possible pairing amplitudes, as well as about on-site terms for the fermions f i . We take the Majorana lattice to be of size |Λ| = L x × L y and define it on a torus, as shown in Fig. 1 . Assuming full translational invariance along the periodic y-direction, a Fourier transformation brings the Hamiltonian then into a block-diagonal form
where the L y blocks H(p) describe decoupled chains of length L x on the 1D lattice Λ x . Due to the Fourier transform the Majorana operators behave as complex fermions subject to the constraint γ † i,p = γ i,−p . Thus the Brillouin zone is halved in order to avoid double counting of the chains.
Due to Wick's theorem for non-interacting systems, all the information about the ground state is contained in the cor-FIG. 1. A 2D system defined on a torus of size Lx × Ly is bipartitioned in regions A and B such that translational symmetry along Ly is preserved. If the band structure is characterized by a topological invariant, both the edge energy spectrum and the entanglement spectrum exhibit localized states along the cut ∂A.
relation matrix 28 
To analyze the entanglement entropy of the ground state, Λ is partitioned into regions A and B, such that translation invariance in the y-direction is preserved, as shown in Fig. 1 . Similar to the reduced density matrix, the reduced correlation matrix is defined by restricting to the submatrix C A i,j (p), whose entries i, j have only support in A. The entanglement entropy of each chain is then obtained from the entanglement spectrum, the spectrum {λ(p)
whose derivation we review in Appendix A. This form immediately shows how different entanglement eigenvalues contribute to the entanglement entropy. Eigenvalues close to λ = 1/2 contribute maximally to the total entropy, while the contribution of the eigenvalues close to λ = 0 or 1 is small. One physical origin of such different contributions has been shown to be related to the topology of the band structure. For non-interacting topological insulators, there is an adiabatic correspondence between the entanglement spectrum {λ} defined on a torus partitioned to A and B by the cut ∂A and the energy spectrum of the Hamiltonian H A defined on the cylindrical region A with open boundaries ∂A. 12, 17 In the latter case the topological band structure manifests itself as the existence of edge states localized along ∂A (we refer to these as physical edge states), while in the entanglement spectrum their counterpart is the existence of entanglement states crossing from λ = 0 to λ = 1 (we refer to these as virtual edge states). Thus the existence of physical edge states necessarily implies maximally entangled modes that reflect strong shortrange correlations across the cut ∂A.
Due to the additivity of the entropy for block-diagonal Hamiltonians, the entropy S of the 2D system (2) is given by
This opens up the possibility to microscopically trace the behavior of the full 2D model back to a few number of chains that dominate the entanglement entropy. Our strategy is to isolate chains that are either in a topological phase or exhibit quantum criticality, and thereby analyze the anatomy of entanglement entropy in Kitaev spin liquids.
III. KITAEV'S HONEYCOMB LATTICE MODEL
Kitaev's honeycomb model describes spin-1/2 particles on the vertices of a honeycomb lattice Λ subject to anisotropic nearest-neighbour exchange interactions J r σ r i σ r j . 18 . The magnitude J r and the type of interaction depend on the three distinct orientations r = x, y, z of the links of the honeycomb lattice. The beauty of the model lies on the property that timereversal symmetry can be broken by introducing a three-spin term of magnitude K, enabling chiral topological phases characterized by Chern numbers to emerge, while still preserving the exact solvability of the model. This solution is reviewed in Appendix B. There it is shown that the interacting spin Hamiltonian can be mapped to the Hamiltonian
describing free Majorana fermions γ i living on the vertices of the lattice, coupled to a Z 2 gauge field u i,j , that lives on the links. While the latter fluctuate, the model can be analyzed in a fixed gauge by specifying their configuration {u i,j = ±1}. Fixing the gauge specifies a physical sector of the model through Z 2 valued Wilson loop operators,
that correspond to gauge-invariant products of the gauge fields around each hexagonal plaquette . Even there are many gauges {u ij } giving rise to the same vortex sector, the physics depends only on {W }. The eigenvalues W = −1 are interpreted as the presence of a π-flux vortex on , with the pattern of Wilson loop values {W } being referred to as a vortex sector. The ground state of the model lies in the vortex-free sector for which W = +1 on all plaquettes.
Restricting to a particular vortex sector by fixing the gauge brings the Hamiltonian to the quadratic form (1) , that in the case of the honeycomb model always describes a p-wave type topological superconductor. Depending on the vortex sector it has been shown to support both gapless phases as well as topological phases characterized by distinct Chern numbers. [24] [25] [26] Hence, it provides a wide variety of regimes with diverse entanglement properties.
A. The phase diagram
To restrict to a part of the phase diagram over all vortex sectors that supports topological phases characterized by Chern numbers ν = 0, ±1 and ±2, we set J x = J y = J and J z = 1, while keeping K > 0 as a free parameter. To interpolate between vortex sectors, we adopt a perspective that the gauge variables u ij can be absorbed into the signs of the corresponding tunneling terms. This enables to smoothly tune between topological phases that appear in different vortex sectors by allowing for staggered configurations of couplings. Restricting to considering only vortex-free {W = +1} and full-vortex {W = −1} configurations, the honeycomb model can be brought into a block-diagonal form in chains (2). Each chain is described by the 1D Hamiltonian
where we introduced Θ j = (1 − θ) + θ(−1) j to stagger the couplings such that one can smoothly interpolate between the vortex-free (θ = 0) and the full-vortex (θ = 1) sectors. For brevity, we have suppressed here the momentum index p ∈ [0, π] of the Majorana operators a i ≡ a i,p and b i ≡ b i,p living on the two distinct triangular sublattices of the honeycomb lattice, respectively. One should keep in mind though that apart from p = 0, π, at which a i and b i become two distinct species of Majorana operators, each chain describes complex fermions.
The phase diagram over the vortex-free and full vortex sectors has been studied in Refs 24-26. In the vortex-free sector (θ = 0) the system is in a non-chiral Abelian phase characterized by ν = 0 for J < 1/2, while for J > 1/2 the system is in a gapped topological non-Abelian phase with ν = sign(K). In the non-Abelian phase, vortices bind localised Majorana modes and behave thus as non-Abelian anyons. 18, 23 In the fullvortex sector (θ = 1), the toric code Abelian phase occurs for
the system is in a chiral Abelian phase with ν = 2sign(K). One can also tune directly from the ν = ±1 phase to the ν = ±2 phase by changing θ, in which case for J = 1 the phase transition occurs at
24 Fig. 2 shows that the bulk energy gap G indeed vanishes at all these critical points, which is also witnessed as the diverging rate of change in the entropy. As the chiral topological phase with ν = 0 exist only for K = 0, for K = 0 time-reversal symmetry is restored and the regimes of the chiral states become gapless semi-metallic states. These can be viewed as critical points between chiral phases characterized by ν and −ν.
The key property relating to entanglement in the distinct topological phases is the existence of |ν| Majorana edge states per physical edge. In the first part of our study, we explicitly show how these give the dominant contributions to the entanglement entropy and provide a universal lower bound to it. In the second part we focus on the gapless phases and critical points and identify their universality classes via critical entanglement scaling. Before proceeding, we review briefly the long-range entanglement that arises in the full honeycomb model when not restricted to a specific vortex sector. The entanglement entropy of the full spin model has been studied in Ref 27 . There it is shown that it splits into two independent contributions
where S f is the entanglement of the fermionic degrees of freedom, while S g depends only on the fluctuating gauge degrees of freedom {u ij }. In particular, it was shown that S g contains the universal topological entanglement entropy 5 and that it takes always the value of γ = − log 2 regardless of the microscopic paramaters J r , K and θ. Hence, the honeycomb model exhibits intrinsic long-range entanglement akin to fractional quantum Hall states. Nevertheless, the extraction of γ gives no information about the particular phase of the model. Indeed, all the different anyon models that appear for different Chern numbers have total quantum dimension of D = 2 consistent with γ = log D.
18
Thus area law part of entanglement entropy due to S f , that is usually considered to be non-universal, must contain all the information about the excitations and the edge spectrum. The main result of our work is to uncover these universal signatures related to the topological phases hiding in the area law. As we will always be working on a fixed vortex sector, we neglect below the constant S g . When referring to the entanglement entropy S, it is understood that we refer to the fermionic entropy S f and we omit the subscript for clarity.
IV. ANATOMY OF ENTANGLEMENT IN THE GAPPED PHASES
In this section we study in detail the structure of the entanglement entropy in the gapped topological phases of the honeycomb model. In such a phase, entanglement for a given bipartition is always short-ranged and concentrated along the cut, thus giving rise to the area law 1 . We split the fermionic entropy into S edge due to edge states and to S bulk due to bulk contributions
In the following, we focus on S edge to study how it encodes the dominant short-ranged entropy along the cut and the universal signatures of the topological phases. Our motivation to focus on S edge is to explicitly study how the entanglement due to edge states as it encodes universal signatures of topological phases. By analytically solving for the dispersion of the edge states, we obtain an approximate expression for the S edge that shows how it depends on their velocity. This result reproduces the known lower bound of entanglement entropy 12, 16, 17 due to the presence of topological edge states. We elaborate on the origin of this lower bound by showing that it arises from 1D subsystems of the full 2D model having completely decoupled edge states. Moreover, we construct a simple effective model that accurately approximates the total entropy due to their hybridization.
A. Edge-Mode Dispersion
To explicitly show how the edge states give rise to the dominant area law behavior, we focus on the vortex-free sector that supports a topological phase characterized by ν = 1, implying a single Majorana edge state per edge. To connect these edge states to the entanglement entropy, we analytically evaluate their real space energy dispersion for generic values of the microscopic parameters J and K 13,29-31 . Here we present
Energy spectrum E(p) on a cylinder and the corresponding the entanglement spectrum λ(p) and the entanglement dispersion S(p) for the ν = 1 (Left) and ν = 2 (Right) phases. The real space edge states are indicated in red. Here J = 1 and K = 0.15.
the main steps of the calculation and refer to Appendix C for the details.
In the vortex-free sector (θ = 0) each chain in the Hamiltonian (7) can be written as
respectively, where
. Imposing open boundary conditions in one direction, i.e. placing the system on a cylinder, the Schrödinger equation H(p)Ψ = EΨ leads to the following recursive equation
and boundary condition
where condition (12) we obtain
The generating function G(z) = ∞ j=1 z j−1 Ψ j can be explicitly solved and it is given by
The edge states and their energy dispersion can be obtained from the generating function by analyzing its poles: If G(z) has a pole at z with |z| > 1, then the corresponding state Ψ j has energy E and it is exponentially localised at the boundary. 29 In the vortex-free sector the zero energy states are found to appear at p = π. Linearizing around it, we obtain the edge state dispersions
where the velocity is given by
This analytic expression for the velocity is valid in the momentum range ∆p that is given by the existence of poles in the generating function G(z) (see Appendix C). While it can not in general be obtained analytically, one finds that ∆p coincides accurately with the distance between the Fermi momenta between which the edge states exist. Thus this momentum interval contains the dominanant and universal entanglement properties of the topological phase.
To employ the physical edge states to approximate the entanglement entropy, the physical velocity v E needs to be related to the virtual velocity v λ of the virtual edge states in the entanglement spectrum. We recall that the energy spectrum with open boundaries and the entanglement spectrum for periodic boundaries are adiabatically connected 12 , i.e. the latter (17) contributes almost all of the entropy inside ∆p (blue circles). The analytic expression (19) (red dashed) as a quadratic approximation to Sedge(p) reproduces the entropy within accuracy of 0.1% inside ∆p.
is a band-flattened version of the former. Due to this fact, it is both physically and intuitively motivated to assume that the velocities are also proportional to each other and we write,
since a rescaling of the slope of the edge states is the simplest deformation to consider. To obtain an ansatz for κ, we first assume that the energy spectrum is flattened around its halfbandwidth energy at p and the energy of this band is rescaled to unity. Subsequently, we center the entanglement spectrum around zero and rescale it as λ → 2(λ −   1 2 ) such that every entanglement level takes values between ±1. This leads to the ansatz κ = (2G(p ) + W (p )) −1 , where G(p ) and W (p ) are the energy gap and the bandwidth at p , respectively. Indeed, Fig. 4 confirms this ansatz to provide an accurate approximation of v λ for a wide range of couplings J and K. Even thought this ansatz is phenomenological, it concerns the velocity-dependent part of the entanglement spectrum which contributes most of the edge entanglement, and thus is should be general for topological phases exhibiting similar entanglement structure.
The entanglement spectrum can then be approximated by the linearized expression
Inserting this into (3) and expanding around p , the dominant entropy contributions can then be approximated by
where we have retained only the lowest order terms in p. Fig. 5 shows that this expression provides an excellent approximation of the entropy within the momentum interval ∆p where the virtual velocity is directly obtained from the physical velocity of the edge states. This expression shows two general properties of the entanglement entropy due to the presence of topological edge states. First, the contribution by each momentum p is upper bounded by log 2 with the contribution decreasing with increasing velocity v λ . As the perimeter of the cut ∂A is directly proportional to the momentum range ∆p, this means that the area law contribution S ∼ α|∂A| should be smaller when the velocity increases. Indeed, Fig. 6 shows that as the microscopic parameters are tuned to give smaller velocities, the entanglement entropy grows faster with increasing of the cut length |∂A|, i.e. the area law coefficient α increases. Second, as the velocity can in principle take arbitrary values, the upper bound for each S(p) implies that the total entropy has a theoretical lower bound of log 2, consistent with earlier studies. 12, 16, 17 It can in principle be recovered via adiabatically tuning to the limit v λ → 0. Physically, this is artificial though as it corresponds to a Hamiltonian with infinite range couplings. 15 
B. Microscopics of the Lower Bound
We now turn to analyze the microscopic origin of the lower bound due to edge states 12 . Previously, the lower bound was considered from the perspective of particle number fluctuations 16 and edge state entanglement 17 . Here we provide a complimentary perspective for the lower bound in terms of the end states of the microscopic 1D chains at the momenta p . To this end we focus first on the 1D wire corresponding to the only crossing point of the edge states at p = π in the vortex free sector, as shown in Fig. 3 . For θ = 0 the general Hamiltonian (7) takes the simple form
where the operators a j and b j are now again Majorana fermions. As explicitly shown in Appendix B, this can be recognized as the Hamiltonian of Kitaev's Majorana chain 32 with µ = 2(1 − J), t = Re(∆e iφ ) = 2J and Im(∆e iφ ) = −4K. The Kitaev chain has two phases, a topologically trivial and a non-trivial one. The non-trivial phase occurs for |t| > |µ|, which corresponds to J > 1/2, in agreement with this regime in the vortex-free sector being in the topological phase characterized by ν = 1. In fact, the chain at p = π is special as the phase diagram does not depend on K (∆ I can be gauged away). Thus this wire exhibits also a topological phase with Majorana edge states for K = 0 that corresponds to the gapless phase of the honeycomb model, consistent with Fig. 8 showing a flat band of edge states between the Fermi points.
Majorana wires of the form (20) have exact topologically protected zero energy edge modes throughout the topological phase 33 . When the wire with periodic boundary conditions is partitioned into A and B, two Majorana end modes a L and a R appear at the boundary ∂A that are entangled with the counterpart edge modes b L and b R in B. Thus when tracing out B to calculate the entanglement entropy, each end mode in A contributes entropy of log √ 2 corresponding to the half a fermion they encode in A. These are precisely the maximally entangled λ = 1/2 eigenvalues in the entanglement spectrum. Since their origin is topological and hence can not be adiabatically removed, 14 the total entropy in the topological ν = 1 phase, and the corresponding gapless phase for K = 0, must satisfy S ≥ 2 log √ 2. Due to the fact that the existence of edge states in (20) does not depend on K, this lower bound of fermionic entanglement entropy applies both to the gapped ν = 1 topological phase as well as to the gapless semi-metallic phase of the honeycomb model. Similar analysis can be carried out in the full-vortex sector (θ = 1). As shown in Fig. 3 , exact zero energy edge states correspond now to two chains at p = 0, π. In the limit K = 0, one finds that at p = 0 the Hamiltonian (7) has three decoupled Majorana sites at the edges (that are coupled between each other), while at p = π there is only a single decoupled Majorana site. Thus both momenta support a single zero energy Majorana end mode, while p = 0 supports also a single complex fermion mode at finite energy, consistent with Fig. 3 . In line with our analysis above, the doubled number of Majorana edge modes in A entangled with their counterparts in B gives then rise to a lower bound of the entanglement entropy that is twice that of the vortex-free sector S ≥ 4 log √ 2. These lower bounds give joint information about the number and dimensionality of the edge states. While neither can be accessed independent of each other by purely entropic means, they can serve as valuable complementary information to identify the nature of topological phases in both free and interacting systems. 
C. Effective Model for Edge Entropy
We have shown how the protected edge states dominate the entropy and give rise to a lower bound to it. Now we turn this perspective around and ask how much of the total entropy can be understood in terms of the edge states only? Discarding all bulk entanglement, we model the entanglement due to edge states with a simple four-site tight-binding model, as illustrated in Fig. 7 . Each site corresponds to one of the four edges of the two cylinders that result from partitioning the system on a torus to regions A and B. Denoting the Majorana edge modes on the left and right edges of A by a L and a R (and similarly for B), the Hamiltonian is given by
where the signs are chosen such that there is π-flux going through the chain (fermions on a square lattice have a ground state in the π-flux sector). In this toy model we have set the inter-partition coupling to unity, while the intra-partition coupling is denoted by w p .
To connect this simple model to the honeycomb model, we define w p = κ tm |E ± (p)|, where κ tm is a proportionality constant which is needed due to arbitrary normalization of the tunneling across the cut. We set the tunneling through the bulk to be directly proportional to the linearized edge state dispersion. This is motivated by the physical edge states being completely decoupled from the bulk at p where E ± (p ) = 0, while away from this special momenta they penetrate into the bulk. We interprete the finite energy |E ± (p)| as reflecting an effective coupling between the edge states belonging to the same partition due to their hybridization. Hence, at p the weak tunneling w p vanishes and one immediately recovers the lower bound since the model describes two decoupled pairs of Majoranas, with one from each pair belonging to A and B. As one moves away from p , i.e. as the edge states penetrate deeper into the bulk, all the Majorana modes hybridize. This results in general in lower entanglement since in the limit w 1 the two subsystems, A and B, completely decouple. To verify this, we compute the entanglement entropy S tm (w p ) by tracing out the Majoranas b L and b R in B, as shown in Fig. 7 . The von Neumann entropy of the ground state is given by S tm (w p ) = 1 1 + s 2 (−2s 2 log s+(1+s 2 ) log(1 + s 2 )), (22) where
. To compare this expression with S edge obtained from the full model, we choose the proportionality constant κ tm such that |S−Stm| S < 1% in the range ∆p. With this free parameter fixed, Fig. 7 shows that S tm indeed accurately approximates S edge . Note that such a remarkably simple model with clear physical interpretation in terms of the the hybridization of the edge states can in fact capture how the entanglement depends on the momentum. This simple picture further demonstrates that the entropy of the edge states, that give the dominant contribution to the total entropy, can be treated independent of the bulk states and fully capture the dominant entropy contributions.
V. ANATOMY OF ENTANGLEMENT IN THE GAPLESS PHASES AND CRITICAL POINTS
We now turn to the entanglement at the gapless phases and the critical points of Kitaev's honeycomb lattice model. When the bulk energy gap closes and the correlation length diverges, bulk contributions are expected to dominate over the edge as the system size increases. To investigate this, we write the total entanglement entropy as the sum of the three expected dominant contributions
where S c describes contribution from critical 1D chains, S qc the quasi-critical contributions with long correlation lengths and S edge again the edge state contributions. The form of the first two bulk contributions has been analyzed in 1D systems and it is shown to take the leading forms 1,3
where c is the central charge of the conformal field theory (CFT) that describes the universality class of the criticality, x is the length of the partition in a chain of total length L x and ξ is the correlation length. In other words, the critical chains at momenta p c where the bulk gap closes give extensive contributions in the system size, while quasi-critical chains give constant bulk contributions that depend on the correlation length ξ(p) ∼ G(p) −1 of the chain p. Contributions from edge states, that do appear also at some of the critical points, are given by (19) . We begin by analysing the entropy scaling with system size to determine the central charge c of each critical chain at each gapless phase and critical point in the phase diagram. The central charge is then used to explicitly show how the total entropy splits into the three components (23) and to identify the universality classes of the topological phase transitions.
A. Critical Entropy Scaling
The critical momenta p c at which the bulk gap closes at each gapless point in the phase diagram can be obtained from the analytic solution presented in Appendix B. Fig. 8 shows representative energy band structures at the critical points and the corresponding entanglement spectra. We observe that in contrast to gapped topological phases with edge states giving rise to gapless entanglement spectrua, at criticality the entanglement spectra are gapped, but exhibit nesting of entanglement levels in the vicinity of the critical momenta p c .
To extract the central charge characterizing the scaling according to (24) , in Fig. 9 we plot the entropies S(p c ) of critical chains as the function of the partition length. We find that all scale with c = 1/2 implying that they all belong to the universality class of 1D quantum Ising model. However, one should keep in mind that due to the Majorana condition γ † p = γ −p , not all chains are independent. Using (7) it is straighforward to verify that H(p c ) = H(−p c ), meaning that critical chains at ±p c describe the same critical contribution, while the chains p c = 0, π are always independent. This implies that the entropy of the 2D honeycomb model at a critical point with N c critical chains in the momentum range p ∈ [0, π] scales with an effective central chargẽ c ≥ cN c .
As shown in Fig. 10 , the lower bound is saturated in the thintorus limit L y L x when L y is commensurate with the critical momenta p c . As L y → L x , the obtained central charge is alwaysc > cN c , as the system contains more and more quasicritical chains that add to the scaling at small partition lengths x. Thus in the thermodynamic limit, the quantized effective central charge can only be reliably obtained in the large partition limit x → L x /2, i.e. as the partition size approaches half the system size. 34 
B. Anatomy of Critical Entanglement
Having determined the central charges of the critical chains, we now turn to analyze the anatomy of critical entanglement (23) in the vortex-free sector (θ = 0) of the honeycomb model. When time-reversal symmery is not broken (K = 0), the regime J > 1/2 supports a gapless Majorana semi-metal with two Fermi points, as shown in Fig. 8 . Even if the spectrum is gapless, the phase also exhibits edge states between the Fermi points that appear as a two-fold degenerate flat band.
Vortex-free sector (θ = 0)
Full-vortex sector (θ = 1) 
FIG. 9. Scaling of the entanglement entropy S(pc) of the gapless chains at the transitions (ν ↔ ν ) between gapped topological phases characterized by Chern numbers ν and ν as the function of the chord length (24) .
, for (0 ↔ 2) transition pc = 0, π, for (1 ↔ 2) transition pc = 0, and for (−2 ↔ 2) transition pc = ± This follows from the topological nature of the chains, such as (20) that depends only on J. Thus the entanglement per momentum p can be approximated by the three components
The range ∆p for the edge state contributions, that now coincides with the momenta between the critical momenta ±p c , can be obtained analytically for K = 0 and it is given by (see Appendix C)
We approximate the correlation length of each quasi-critical chain p as ξ(p) ≈ 1/G(p) with the effective gap given by G(p) = min q∈[0,2π] |2(1 + Je iq + Je ip )| (see Appendix B). In Fig. 11 we show that under these assumptions we recover to high accuracy the total entropy. The presence of edge states implies that also the gapless phase exhibits a lower bound of entanglement, that is now given by S ≥ Ly 2π ∆p log 2. We also find that even if the system is critical, for a fixed partition length x the entanglement entropy still obeys the area law.
We have verified that similar anatomy applies also to the full-vortex phase that also exhibits a lower bound that depends on the two momentum ranges where the edge states exist. The same applies also to the critical points between gapped topological phases for K = 0, that in the absence of edge states consist only of critical and quasi-critical contributions.
C. Universality classes of phase transitions
Finally, we turn to the universality classes that describe the model independent behavior at phase transitions. In 1D Lx the quasi-2D models scale precisely withc = 1/2, while in the regime Ly ≈ Lx one only finds scaling close to this lower bound in the large chord length limit. (Right) This system size dependence of the scaling can be traced back to quasi-critical chains. In the thin-torus limit there are only few chains with large gaps giving constant contributions, while in a large system some quasi-critical chains show scaling all the way to the large x → Lx limit. Here Lx = 210. quantum systems second-order phase transitions with linearly dispersing gapless excitations are in general described by CFTs that capture the universal behavior of all correlations functions. 35 In 2D such special exactly solvable points do not in general exist unless the critical points exhibit 2D conformal symmetry 36 or exhibit effective 1D behavior that can be identified with a known 1D universality class. The latter property enables us to identify the universality classes of the phase transitions in Kitaev's honeycomb model and show that they are consistent with the topologically ordered phases of the model.
In the vortex free sector the single independent critical chain corresponding to the critical momenta p c is given by , the critical contributions Sc only arise at pc and quasi-critical chains contribute Sqc outside them. The non-universal constant in (24) and (25) is chosen such that Sqc(0) = S(0). Here J = 1 and Lx = Ly = 300. (Inset) Even if the system is critical, for a fixed partition size x the system still obeys the area law. Here x = 105.
pairing phases. 32 The low-energy theory is well known to be of a single linearly dispersing fermion and hence belongs to the Ising universality class (described by Ising CFT), consistent with the central charge c = 1/2.
37 For J > 1/2 the gap closes at some momentum p c and the critical chain describes complex fermions with staggered complex hopping. The lowenergy dispersion is again given by single linearly dispersing fermion though (e.g. at J = 1 and p c = 2π/3 the dispersion is E = ±| sin(
)| as the function of the momentum q ∈ [0, 2π] along the chain) and hence the whole gapless phase belongs to the Ising universality class.
The universality class described by Ising CFT is consistent with the gapless phase being the critical point between the chiral ν = ±1 topological phases. As these chiral phases support Ising non-Abelian anyons, their edge theories are given by the opposite chiral sectors of Ising CFT. 18 For K = 0 both chiral sectors coexist giving rise to the full Ising CFT with both left-and right-moving modes. For K = 0 the Majorana semi-metal gaps into the ν = ±1 phases, but the critical point between them and the ν = 0 phase remains at J = 1/2, as shown in Fig. 8 . The analytic solution presented in Appendix B shows that all K dependent contributions vanish at p c = π, which implies that the transition is still in the Ising universality class. This can be again understood in terms of the edge theory of the topological phase. The fermionic degrees of freedom in the non-chiral ν = 0 phase are topologically trivial and hence the J = 1/2 is equivalent to a physical boundary of the topological phase. However, as the bulk gap closes the chiral edge states are no longer localized at the edges, but span the whole system and manifest as coexisting chiral parts of the Ising CFT at the critical momentum.
In the full-vortex sector the gapless phase has four Fermi points. At J = 1, only two of them, p c = π 6 , 5π 6 , are independent with the corresponding critical wires being given by
This means that each wire describes an independent linearly dispersing fermion, consistent with the total central charge of c = 1. Thus the gapless phase in the full-vortex sector is in the universality class of the 1D quantum XY model described by so(2) 1 CFT. 37 Indeed, the edge spectra of the gapped ν = ±2 phases for K = 0 are again described by the chiral parts of this CFT that must coexist at the critical gapless phase. 18 The transition between the gapped ν = 0 phase and the gapless phase occurs at J = 1/ √ 2, where the gap closes at the independent momenta p c = 0, π. At these momenta the critical chains reduce to staggered Majorana chains that via a Jordan-Wigner transformation map into critical Ising chains with staggered transverse fields. The dispersion is given by E = ± 2 ± (7 − cos q)/2, implying that both describe again independent linearly dispersing fermions. This further confirms that the whole gapless phase is in the XY universality class. When K = 0, the transition shifts smoothly to
2 , but as there are still two Fermi points, also the transition between ν = 0 and ν = ±2 phases belongs to the XY universality class.
Finally, the spectrum at the transition from the ν = 1 to the ν = 2 topological phase, that for J = 1 occurs at θ = Ising CFT that is predicted to describe the edge theories of nucleated topological phases. 38 As argued in Ref. 26 , the ν = 2 phase nucleates from the ν = 1 phase due to anyon-anyon interactions and thus the transition between them should indeed be described by the Ising CFT.
VI. CONCLUSIONS
We have shown that in Kitaev's honeycomb model the topological character of the gapped phases as well as the criticality of the gapless ones is encoded in few 1D subsystems. By analyzing them, we showed that in the gapped phases the topological edge states dominate the area law behavior, with the precise non-universal contribution depending on the edge state velocity. The edge states also give rise to a universal lower bound of entanglement entropy that depends on their number and character. At the critical points between topological phases, we showed that only a few 1D subsystems are responsible for the critical entropy scaling of the 2D model. By determining the central charges of these chains, we argued that the criticality of the 2D model over the two considered vortex sectors is in the universality class of either the 1D quantum Ising or the XY model. Other vortex sectors can support topological phases 26 with |ν| > 2 and phase transitions between them are expected to be more generally in the so(N ) 1 hierarchy of universality classes, that the Ising and XY classes are examples of. 37 First and foremost, our results provide a detailed study how band topology in free fermion systems affects entanglement due to the presence of topological edge states. The universal lower bound is a direct entropic consequence of the band topology 12, 16 that can in principle be used to numerically distinguish different states of matter also in interacting or disordered systems. 17 Topological entanglement entropy has been demonstrated to be a useful tool to identify the presence of intrinsic topological order, 39, 40 but it does not necessarily distinguish between different types of topological orders if it takes the same value in distinct topological phases. This is precisely what happens in the honeycomb model. 27 We showed that fermionic entanglement distinguished the different phases and thus provides valuable complementary information about the topological nature of the ground state. It would thus be interesting to study the entropy due to edge states in fractional topological insulators that may harbour different topologically ordered states. 41 Kitaev's honeycomb model itself is again topical due to recent progress in experimentally identifying materials that may be described by it. 19, 20 The model can be generalized to 3D lattices, where it realizes a Majorana analogue of Weyl semimetal 42 .
It remains an open question what is the nature of the criticality at topological phase transitions in such 3D systems or how the Fermi arc-like surface states affect their entropic properties. In principle the route taken here, a decomposition into lower dimensional subsystems, could also be applied to these models. Ideally, one would like to go beyond the exactly solvable variants of the honeycomb model and analyze the entropy signatures of topological order and phase transitions in the presence of exact solvability breaking perturbations present in the candidate materials. 21 The study of such frustrated systems could be significantly simplified if it were sufficient to consider the effect of perturbations only in a subset of lower dimensional subsystems.
APPENDIX Appendix A: Entropy from correlation matrix
Following Refs 12 and 28, we review the entanglement spectrum in free fermion models and how to obtain it from covariance matrices.
Consider a gaussian state ρ ∝ e −H , where H = H ij f † i f j is a free fermion Hamiltonian, that can be interpreted as a thermal state. The Hamiltonian can be brought to the diagonal form H = k kf † kf k , where k is the energy associated with the fermionic modef k . The eigenvalues λ k of the correlation matrix C ij = trρf † i f j , that contains all the information about the state, are then related to the eigenvalues of H via
The entropy of the state ρ can then be expressed in terms of the correlation matrix eigenvalues as
Likewise, when restricting the state to a subsystem A, the eigenvalues λ 
To treat all free fermion models including superconducting ones on equal footing, it is advantageous to work in terms of covariance matrices (Majorana correlators) instead of correlation matrices (complex fermion correlators). For a system of N fermions, one can always define 2N Majorana fermions throughã n =f † n +f n andb n = 1 i (f n −f † n ) and consider the matrix of their correlatorsC mn = 1 2 trργ m γ n . Using the correlators for the fermion eigenmodes, one observes that trρã nãm = trρb nbm = δ nm and trρã nbm = −i(2λ n − 1)δ nm . Thus the covariance matrixC decomposes into diagonal blocks given by
These have eigenvalues t n given by (
2 ), which implies that the eigenvalues of the correlation matrix C and the covariance matrixC are related by t n = λ n , (1 − λ n ).
Thus if one calculates the eigenvalues ofC
A and use (A3) to calculate the entropy, one obtains twice the value that one would have obtained from C A . The correct entropy from the covariance matrix is thus given by
Anisotropic nearest neighbour couplings Jx, Jy, Jz (solid arrows) and chiral next nearest neighbour couplings K (dashed arrows) of the honeycomb lattice model with lattice vectors vx and vy (dash-dotted arrows). The black and white sites denote the two triangular sublattices of the honeycomb lattice. In the Majorana picture the tunneling is chosen to be positive along the arrows. In red we denote every other z-link along rows of the honeycomb whose value is dictated by θ, enabling the interpolation between the vortex-free and full-vortex sectors.
This expression shows that entanglement modes t k = 1/2 contribute a maximal entropy of log √ 2, while all other modes contribute less to the total entropy. If M such modes exist in the spectrum, and if they are topological in the sense that their value can not be changed by adiabatically varying the microscopic parameters of the Hamiltonian H, then the total entropy in the topological phase exhibits a lower bound S ≥ M log √ 2.
Appendix B: Kitaev's Honeycomb Model
Kitaev's honeycomb model describes spin 1/2-particles residing on the vertices of a honeycomb lattice 18 . The spins interact according to the Hamiltonian
where J r > 0 are nearest neighbour spin exchange couplings along links of orientation r, as illustrated in Fig. 12 , and K is the magnitude of a three spin terms that explicitly breaks time reversal symmetry. The latter is required for the model to support gapped topological phases characterised by nonzero Chern numbers. They are chosen such that for every hexagonal plaquette one can associate a Z 2 valued six spin operatorŴ = σ 
where the first sum is over nearest neighbour sites ij , the second over next nearest neighbors ij with k denoting the connecting site and J ij = J x , J y , J z depending on the orientation of (i, j)-link. The operatorsû ij = ib 
By choosing a gauge, i.e., replacing the operatorsû ij with their eigenvalues u ij = ±1, one restricts to a particular vortex sector {W ({u})}. In each sector the Hamiltonian H {W ({u})} is quadratic in the Majorana fermions and hence readily diagonalisable, with the resulting spectrum of free fermions depending only on the vortex sector W . Thus even if physical states need to be in principle symmetrized over all compatible gauge configurations, every gauge sector is orthogonal to each other and the physical spectrum of the fermions can be obtained by working in a single gauge. The only aspect lost when working in a single gauge is the long-range entanglement responsible for the topological entanglement entropy. 27 We do not concern us with it here as it takes the same value in all topological phases.
Mapping into 1D chains
The basis vectors of the honeycomb lattice are given by v x = ( 2 ). Numerically, it is more convenient to work with a brickwall variant by taking them as v x = (1, 0) and v y = (0, 1), which only deforms the spectrum without affecting the physics.
In the main text we focus on the vortex-free and full-vortex sectors of the model. When working on a fixed gauge, the local gauge variable u ij is equivalent to the signs of the couplings J ij and K ijk . Thus one can effectively interpolate between different vortex sectors by tuning the couplings. 23 To interpolate smoothly between them, we vary only couplings along the z-links, as shown in Figure 12 , by multiplying each J z and the corresponding K couplings with
j , where the index j runs enumerates unit cells containing a single black and a white site along v x . For θ = 0 all the couplings have same signs and hence the system is in the vortex-free sector, while for θ = 1 the signs alternate and the system describes the full-vortex sector.
Under these conventions and setting J x = J y = J and J z = 1, the Hamiltonian (B2) becomes 
where r = j, k is a vector in the basis v x,y . The Majorana operators γ are labelled a or b depending whether they live on the black or white sublattice, respectively, as illustrated in Figure 12 . The system always has full translational invariance along v y along which the Fourier transform of the Majorana operators is given by
Inserting this into (B4) gives the Hamiltonian (7), which describes a set of 1D systems indexed by the momentum p.
Analytic forms of the energy gaps
The energy gaps for vortex-free and full-vortex sectors have been solved in Ref. 23 . Fourier transforming also along v x , in the vortex-free sector it is given by 
g(p, q) = 2 + cos 2p − cos 2q + J 2 (1 + cos 2(p − q)), with q ∈ [0, π] since the unit cell is doubled due to sign staggering of the couplings. 
Writing c j = Z ± . Edge-modes exists only for those momentum p such that all z p ∈ Z ± have absolute value bigger than one i.e. |z p | > 1. In Fig. 13 and Fig. 14 the elements of Z ± are represented by the blue lines not covered with red dots. In light of the considerations made previously, end modes exist for p ∈ P ± I where
This set encodes the validity region of length ∆p of (C13)
so that edge-modes exist in the window p = π ± ∆p 2 . In Fig. 15 the validity window ∆p of the linear approximation of the edge-mode dispersion is shaded for an example of the model in the topological phase. The dependence of ∆p with the model parameters J, K is shown in Fig. 16 .
In Fig. 14 and Fig. 15 we show the absolute value of the elements of D(p) (in blue) and N (p) (in red) as a function In dark grey we highlight the momentum space region where edgemodes are not present so that the validity of (C13) (bottom row) is limited to the white area. The dispersion with negative (positive) angular coefficient at p = π corresponds to modes at the j = 1 (j = N ) boundary.
of p. In this case edge-modes exist for those p where all the points which are in D(p) (Blue) but not in N (p) (Red) have norm bigger than 1. From Fig. 14 and Fig. 16 we can see that, as expected, edgemodes exist only in the non-Abelian phase, J > 1/2, while (C13) and (C16) are valid only for J > 1/2 inside an interval of length ∆p centred around p = π. For example, in Fig. 14 we can see that, in the non-Abelian phase, both energies E ± from (C13) have a range in momentum space where all poles have norm bigger or smaller than 1, corresponding to endstates. On the contrary, in the Abelian phase, for all p, we have a mixed situation with one pole having norm bigger than 1 and the other pole with norm smaller than 1 not allowing end modes to exist.
For K → 0 the system becomes critical because the energy gap closes and the correlation length diverges and (C16) gives us
We want to compute the interval of validity ∆p around π of such a result. The determinant ∆ has, in this case a couple of solutions such that (z 1 → 0, Fig. 14 . On the plot on the left we can see that, for K → 0 the behaviour becomes that described in (C25) (dashed line).
